A wide variation in the disorder strength, as inferred from an order of magnitude variation in the longitudinal resistivity (ρxx) of Co2FeSi (CFS) Huesler alloy thin films of fixed (50 nm) thickness, has been achieved by growing these films on Si(111) substrates at substrate temperatures (TS) ranging from room temperature (RT) to 600
I. Introduction
Anomalous Hall effect (AHE) in ferromagnets is known to arise from two basic mechanisms classified as the extrinsic and intrinsic mechanisms. The skew scattering (Sk) 1 and side-jump (Sj) 2 , originating from the asymmetric scattering of conduction electrons from impurities caused by the spin orbit interaction (SOI), fall within the extrinsic category whereas the SOI-induced anomalous transverse velocity of the Block electrons (the socalled KL mechanism) 3 , recently reinterpreted as an integral of the Berry-phase curvature (Bc) over occupied electronic bands within the Brillouin zone [4] [5] [6] [7] , constitutes the intrinsic mechanism. While the extrinsic Sk mechanism predicts that R A ∝ ρ xx , extrinsic Sj mechanism, like the intrinsic KL and Bc mechanisms, is characterized by the relation R A ∝ ρ 2 xx between the anomalous Hall coefficient, R A , and longitudinal resistivity, ρ xx . Based on these theoretical predictions, measured R A or the anomalous Hall resistivity, ρ 
where M s is the spontaneous magnetization and the coefficient a (b) is a direct measure of the strength of the skew scattering (Sj extrinsic and KL/Bc intrinsic contributions). The main problem with the use of Eq. (1) is that it does not permit an unambiguous separation of the Sj (extrinsic) from the KL/Bc (intrinsic) contribution because these mechanisms yield the same power law dependence on ρ xx . Recently, a solution to this problem has been sought in terms of a generalized scaling relation, ρ AH xy = f (ρ xx ), derived from a first principles calculation of AHE 5, 6, [9] [10] [11] . Such an approach proves useful [12] [13] [14] [15] [16] [17] only in pure (ordered) ferromagnetic systems in which ballistic transport governs ρ xx (T ). Strong departures from the predicted scaling behavior have been observed particularly in disordered ferromagnets (e.g., in amorphous CoFeB 18 , Heusler alloy thin films [19] [20] [21] , Fe 22 and Ni 23 ultra-thin films, FePt 24 thin films) that exhibit a minimum at low temperatures either in ρ xx (T ) or in ρ AH xy (T ) or in both. Considering that the previous works on different disordered ferromagnetic systems suffer from the inextricably intertwined effects of composition, disorder and spatial dimensionality, a systematic investigation on a system of fixed composition and film thickness, prepared in different states of disorder, is thus needed for a deeper understanding of the AHE phenomenon and the role of disorder.
In a disordered metallic system, resistivity minimum at a temperature T min arises from a competition between the quantum corrections (QCs) such as weak localization (WL) and enhanced electron-electron Coulomb interaction (EEI), which increase ρ xx when the temperature is reduced below T min , and the electron-electron, electron-phonon, electron-magnon inelastic scattering processes [25] [26] [27] that destroy phase coherence and increase ρ xx as the temperature is raised above T min . In view of the scaling relation ρ AH xy = f (ρ xx ), QCs are expected to contribute to ρ AH xy (T ) as well. The issue of whether or not QCs contribute to ρ AH xy (T ) has been addressed theoretically [28] [29] [30] . These theories make the following specific predictions. (I) If the quantum interference effects are present in ρ xx , WL correction to ρ AH xy is finite in low-resistivity ferromagnetic metals at low temperatures where skew scattering is important. (II) In highresistivity metallic ferromagnets or doped semiconductors in which the side-jump mechanism prevails, WL correction to ρ AH xy vanishes even when the WL effect contributes to ρ xx for T T min . (III) EEI corrections to ρ AH xy vanish for both skew scattering and side-jump mechanisms even when the EEI corrections to ρ xx are finite. While the predictions (I) and (III) are vindicated by recent experimental findings on two-dimensional (2D) Fe films 31 and 3D Co 2 FeSi films 32 , respectively, the validity of the prediction (II) has not been tested so far. A complete understanding of how disorder affects ρ AH xy is thus lacking at present.
II. Experimental details
Co 2 FeSi (CFS) Heusler-alloy thin films of 50 nm thickness were grown on the Si (111) substrate by ultra high vacuum dc magnetron sputtering at different substrate temperatures (T S ) ranging from room temperature (RT) to 600
• C. The details of the film deposition conditions and parameters can be found elsewhere 32 . Figure 1 shows the grazing-incidence (grazing angle = 0.5
• ) x-ray diffraction patterns, recorded on D8 Discover Brüker x-ray diffractometer (Cu K α source), confirmed the amorphous nature of the CFS films deposited at room temperature (RT) and 200
• C whereas the film deposited at 300
• C is partially crystalline, indicated by the first appearance of a sharper (220) Bragg peak. The remaining films, grown at 450
• C, 550
• C and 600 are labeled as RT, TS200, TS300, TS450, TS550 and TS600. 'Zero-field' electrical resistivity, ρ xx (T, H = 0), and 'in-field' resistivity, ρ xx (T, H = 80kOe), were measured using a four-probe setup equipped with a 80 kOe superconducting magnet (Oxford instruments). Hall resistivity was measured using AC transport option (fiveprobe setup) of the physical property measurement system of Quantum Design make. A wide variation in the degree of disorder, resulting in an order of magnitude variation in ρ xx of the CFS thin films, achieved by growing these films at different T S , enables a detailed and systematic study of the effect of disorder on ρ AH xy and R A .
III.
'Zero-field' and 'in-field' electrical resistivity Figure 2 demonstrates that for all the films, ρ xx (T, H = 0), and ρ xx (T, H = 80kOe) go through a minimum at a temperature, T min , which decreases from ≃ 115 K in the RT film to 12 K in the TS550 film. With increasing T S , the residual resistivity, ρ xx0 ≡ ρ xx (T = 5K, H = 0), systematically decreases from 387 µΩ cm in the RT film to 40 µΩ cm in TS550. An elaborate analysis 26, 27, 32 establishes that ρ xx (T, H = 0) and ρ xx (T, H = 80kOe) are well described by the expression over the temperature range 5 K ≤ T ≤ 300 K in the amorphous films RT and TS200 (the partially crystalline film TS300) when α e−p = 0 (α e−p = 0 and θ D is fixed at 33 332 K). The second, third, fourth and fifth terms in Eq. (2) represent the contributions from the electrondiffuson (e − d) scattering 34, 35 , weak localization [25] [26] [27] (WL), interband spin-flip electron-magnon (e − m) scattering and intraband non-spin-flip electron-phonon (e−p) scattering, respectively. The optimum fits, based on Eq. (2), are denoted by the continuous curves through the data (open circles) and displayed in Fig.2 (a)-(c). Note that the −lnT dependence of ρ xx (H = 0) at low temperatures has been previously reported 36, 37 in a number of amorphous ferromagnetic alloys.
By contrast, in the crystalline films TS450, TS550 and TS600, ρ xx (T, H = 0) and ρ xx (T, H = 80kOe) are best described by the relation
in the temperature range 5 K ≤ T ≤ 70 K (70 K ≤ T ≤ 300 K), when the second term in Eq. (3), arising from the enhanced electron-electron Coulomb interaction, EEI, is finite (zero). The optimum fits (red continuous curves) to ρ xx (T, H = 0) over the temperature range 70 K ≤ T ≤ 300 K, based on Eq.(3) with γ EEI = 0, are shown in Fig.2(d)-(f) for the TS450, TS550 and TS600 films. A representative theoretical fit to ρ xx (T, H = 0) and ρ xx (T, H = 80kOe) in the temperature range 5 K ≤ T ≤ 70 K, based on Eq.(3) with γ EEI = 0, is displayed in the inset of Fig.2(d) .
Note that the −lnT variation of ρ xx at low temperatures in amorphous systems, resulting from the scattering of conduction electrons from the diffusive hydrodynamic modes associated with the longitudinal component of magnetization, called 'diffusons' 34, 35 , has been theoretically predicted 34 long ago. Since diffusons are insensitive 35 to H, the coefficient δ dif of the −lnT term in Eq. (2) is expected to have, at best, an extremely weak dependence on H. In conformity with this expectation, the inset of Fig.2(a) demonstrates that the −lnT variation holds for both ρ xx (H = 0) and ρ xx (H = 80kOe) for T 40 K and the magnetic field hardly affects this term (i.e., practically no change in the slope, δ dif , of the linear ρ xx (T, H) versus lnT plot). Insensitivity of δ dif to H completely rules out the Kondo mechanism for the −lnT term. Another possible origin of the −lnT term could be the EEI and/or WL QC in 2D systems 25 but this possibility is highly unlikely because a 50 nm thick CFS film cannot be regarded as a 2D system. It immediately follows that, (i) for T 40 K, the e − d scattering almost entirely accounts for ρ xx (T ) and for negligibly small magnetoresistance, MR, (∆ρ/ρ 0 , evident from the inset of Fig.2(b) ) in the amorphous films RT and TS200. However, in these films, WL and e − m contributions dominate over the e − d one at higher temperatures and lead to negative MR 25, 38 . By comparison, the e − d scattering contribution is relatively less important in the partially crystallized film TS300 in which WL and e − m scattering cause negative MR. (ii) Along with the e − d scattering, WL and e − m (as well as e − p) contributions are required to reproduce the observed ρ xx (T, H) in the entire temperature range 5 K -300 K for the RT and TS200 films (TS300 film). Absence of the e − p contribution of the Bloch-Grüneisen (BG) form (given by the last term in Eq.(2)) in the amorphous films RT and TS200 can be understood as follows. The modified diffraction model, more appropriate 36, 37 for the amorphous systems than the BG model, considers the scattering of conduction electrons from the potential of the disordered spatial arrangement of atoms and predicts that ρ xx ∼ T 2 for T < θ D . Thus, besides a dominant e − m scattering con-tribution, the T 2 term in Eq. (2) can have a significant contribution due to the scattering of conduction electrons from the structural-disorder, particularly for the CFS amorphous films RT and TS200. (iii) As a consequence of the diminished amorphous phase (volume) fraction as T S approaches 300
• C, δ dif as well as ξ wl are considerably reduced (inset of Fig.2(c) ) so much so that they are insignificant in the crystalline CFS films TS450, TS550 and TS600. Instead, in these films, the e − d and WL contributions completely absent and EEI QC solely determines ρ xx (T ) (Cf. Eq. (2) and Eq.(3)) while negative MR (inset of Fig.2(e) ) essentially results from the suppression 32 of the e − m scattering by H. (iv) The e − p contribution has hardly any variation (within the uncertainty limits) with T S in the range 450
• C ≤ T S ≤ 600
• C because the phonon spectrum is the same in the crystalline CFS films TS450, TS550 and TS600. In sharp contrast, the coefficient β e−m initially falls rapidly as T S increases towards 300
• C and thereafter the rate of decline slows down, as is evident from the Fig.3(d) . This variation of β e−m with T S finds a straightforward explanation in terms of the prediction 32, 38 
IV.
Spontaneous magnetization and spin waves Fig.3 (a) depicts the M (H) isotherms taken on the TS550 Co 2 FeSi (CFS) thin film at temperatures in the range 5 K -300 K when the magnetic field, H, is applied within the film plane. These isotherms are typical of other CFS films as well. As illustrated in this figure, spontaneous magnetization at different temperatures, M s (T ), is computed from the intercepts on the ordinate obtained when the linear high-field portions of the M (H) isotherms are extrapolated to H = 0. M s (T ) data (symbols), so obtained, are shown in Fig.3(b) . The least-squares fits (continuous curves through the M s (T ) data) are attempted based on the well-known spin-wave (SW) expression Fig.3(b) . The optimal SW fits (the continuous straight lines) to the M s (T ) data and the corresponding values of the parameters M s (0) and D(0), as functions of T S , for different CFS thin films are displayed in Fig.3(b) and 3(c) , respectively. Clearly, the observed decreasing trend of β e−m with T S is qualitatively reproduced (Fig.3(d) ) when the presently determined values of M s (0) and D(0) for different T S are used in the relation 32, 38 
Considerably reduced D(0) for the amorphous films RT and TS200 (Fig.3(c) ) compared to that for the crystalline films TS450, TS550 and TS600 finds the following interpretation in terms of the spin-fluctuation model 35 . In disordered (amorphous) ferromagnets, magnons and diffusons both contribute 35 to M s (T ) and both give rise to the T 3/2 variation 35 of M s . Note that the slope of the linear M s -T 3/2 plots is ∝ D(0) −3/2 . Increased slope (or equivalently, reduced D(0)) in the amorphous films RT and TS200 compared to other films in Fig.3(b) , basically reflects a sizable diffuson contribution (apart from that due to magnons) to M s (T ), as is the case for ρ xx (T ). given temperature, ρ AH xy systematically decreases as the crystalline fraction increases. ρ AH xy (T ), like ρ xx (T ), exhibits a minimum at T min < 100 K (T min in ρ AH xy is lower than that in ρ xx ) in the disordered films RT, TS200 and TS300 whereas such a minimum, though present in ρ xx (T ), is completely absent in ρ AH xy (T ) in the crystalline, 'ordered', films TS450, TS550 and TS600. In this context, recall that, in the disordered films, the e−d and WL terms in Eq. (2), i.e., −δ dif lnT and −ξ wl T 3/2 , compete with the e − m term, β e−m T 2 , to produce the resistivity minimum. On the other hand, the best fits (red curves in the insets of Fig.4(a) -(c) ) to the ρ AH xy (T ) data (symbols) for T≤150 K assert that only the terms −δ dif lnT and β e−m T 2 entirely account for the minimum in ρ AH xy (T ) and the WL QC is of no consequence. This is also true for
, in which the minima are shifted to yet lower temperatures. In sharp contrast, the EEI QC, basically responsible for the upturn in ρ xx (T ) at T T min in the crystalline films, does not contribute to ρ AH xy (T ) or R A (T ) with the result that these quantities do not exhibit a minimum. Since all the mechanisms contributing to ρ xx (T ) do not get reflected in ρ AH xy (T ) and the magnitudes of even the common contributions are different, the scaling relation, ρ AH xy = f (ρ xx ) breaks down completely ( Fig.5(a) ) for all the films, more so in the disordered ones. Thus, the correct form of scaling can be arrived at by subtracting the e−d contribution (e−d and WL contributions) from the raw R A (T ) (ρ xx (T )) data for the disordered films RT, TS200 and TS300, and by subtracting the EEI contribution from the raw ρ xx (T ) data for the crystalline films. The R A (T ) and ρ xx (T ) data, so corrected, are shown in figures 4 and 6, respectively, along with the corresponding raw data.
Assuming the validity of Matthiessen's rule, longitudinal resistivity can be written as ρ xx = ρ xx0 + ρ xxT , where ρ xx0 is the residual (temperature-independent) resistivity and ρ xxT is the intrinsic (temperature-dependent) resistivity. Substituting this expression for ρ xx in Eq.(1) yields
For a given film, the best theoretical fit to the corrected R A (T ), based on Eq. (5), is obtained by optimizing the coefficients a and b, and using the values of ρ xx0 and ρ xxT from the corrected ρ xx (T ) data. The panels (a) and (b) of figure 7 highlight the temperature variation of R A (continuous curves) and that of each individual term in Eq. (5), yielded by the best fit based on Eq.(5), for the films RT and TS550. These temperature variations are representative of other amorphous and crystalline thin films as well. From Fig.7(a),(b) , it is obvious that the cross-term (2b ρ xx0 ρ xxT ) essentially governs the temperature dependence of R A in all the films since the term, b ρ variations with temperature. As T → 0 K, sizable (but opposite in sign) contributions to R A come from the Sj (b ρ 2 xx0 ) and Sk (a ρ xx0 ). These contributions are much larger in the amorphous than in crystalline CFS films because of the order of magnitude larger ρ xx0 in the former case.
In order to bring out explicitly the direct relation between R A (T ) and ρ xxT , Eq.(5) can be rewritten in the form
where R A (0) = a ρ xx0 + b ρ 2 xx0 . A nearly linear variation of [R A (T ) − R A (0)] with ρ xxT , evident in Fig.7(c),(d) , suggests that the dominating contribution comes from the cross-term, which is largely due to the Sj mechanism. The scaling relation, Eq. (6), holds for all the 50 nm thick CFS films regardless of the degree of disorder present, and even for the well-ordered CFS thin films of different thicknesses 32 . From this result, we conclude that the side-jump mechanism almost entirely accounts for the anomalous Hall effect in ordered as well as disordered Co 2 FeSi Heusler-alloy thin films, and that the 
correct form of scaling is [R
i.e., Eq.(6), and not ρ AH xy = f (ρ xx ), which is found to break down (Fig.5(a) ) in all the CFS films 32 . Consistent with this finding, the customary approach of directly relating anomalous Hall conductivity (AHC), σ AH xy , to longitudinal conductivity, σ xx , also fails in the present case ( Fig.5(b) ). In the clean region 9,12 (10 4 ≤ σ xx ≤ 10 6 S/cm), the theory predicts 12 the value σ AH xy ≃ 10 3 S/cm if the intrinsic mechanism solely determines AHC. Though σ xx falls within the clean regime in the crystalline CFS films, σ AH xy is more than one order of magnitude smaller (Fig.5(b) ). A strongly suppressed AHC basically reflects dominant side-jump mechanism 32 .
VI. Summary and Conclusion
From an elaborate analysis of the 'zero-field' electrical resistivity, ρ xx (T ), 'in-field' resistivity, ρ xx (T, H = 80kOe), magnetoresistance (MR) and anomalous Hall resistivity, ρ AH xy (T ), and magnetization , M , of the Co 2 FeSi (CFS) Huesler alloy thin films of fixed (50 nm) thickness, prepared in different states of disorder, permits us to draw the following conclusions. Of all the mechanisms contributing to anomalous Hall effect (AHE), side-jump essentially determines ρ AH xy or R A in the CFS films, regardless of the degree of disorder present. In the (highresistivity) amorphous films RT, TS200 and TS300, the electron-diffuson, e − d, scattering and weak localization (WL) mechanisms both compete with the inelastic electron-magnon, e − m, scattering to give rise to the minimum in ρ xx (T ); by comparison, the minimum in R A (T ) or ρ AHE. In sharp contrast, in the TS450, TS550 and TS600 (low-resistivity) crystalline films, the enhanced electronelectron Coulomb interaction (EEI), which causes the upturn in resistivity at temperatures T<T min , makes no contribution to ρ This work vindicates the long-standing theoretical prediction [28] [29] [30] that in high-resistivity metallic ferromagnets in which the side-jump mechanism prevails, WL correction to ρ AH xy vanishes even when the WL effect contributes to ρ xx for T T min , and provides a strong motivation for undertaking the theoretical calculations that address the (hitherto unexplored) role of diffusons in anomalous Hall effect in disordered ferromagnets.
